SYMPLECTIC CAPACITY AND SHORT PERIODIC BILLIARD 

TRAJECTORY 



KEI IRIE 



Abstract. We prove that a bounded domain in K™ with smooth boundary has a 
periodic billiard trajectory with at most n + 1 bounce times and of length less than 
C n r(f2), where C n is a positive constant which depends only on n, and r(O) is the 
supremum of radius of balls in ft. This result improves the result by C.Viterbo, which 
asserts that fl has a periodic billiard trajectory of length less than C^voKfl) 1 ^ 71 . To 
£NJ , prove this result, we study symplectic capacity of Liouville domains, which is defined via 

■ symplectic homology. 

<D" 

^ 1. Introduction 

00; 

Let Q be a bounded domain in IR n with smooth boundary. A periodic billiard trajectory 
on Q is a continuous map 7 : IR/tZ — >■ such that there exists a finite set C R/rZ 
and satisfies the following conditions: 



X 



7 is smooth on (M/rZ) \ ^ and satisfies 7 = 0. 



• For each t e 3$, 7(^0) £ <9Q, the left and right derivatives 7(£q ) := nm t(^) exist, 

and satisfy the law of reflection [v denotes the outward normal vector on dQ): 

<7(t + ),K7(^o))> = -<7(toM7(*o))) + 0, 
7(t + ) " Wtf ), K7(*o))> • K7(*o)) = 7(*o ) - (7(io ), K7(*o))> • K7(*o))- 

Elements of ^ are called bounce times. 



Before stating the main theorem, we introduce some notations. For and r > 0, 

B(x, r) := {y e W n \ \x-y\<r}. For C R n , 

r(Q) := supjr > | there exists ieK™ such that B(x,r) C Oj. 
The main theorem of this paper is the following: 

Theorem 1.1. Let Q be a bounded domain in M. n with smooth boundary. Then, there 
exists a periodic billiard trajectory 7 on Q with at most n + 1 bounce times and which 
satisfies the following length estimate: 

|7] < C n r(fi), 

where C n is a positive constant which depends only on n. 
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Remark 1.2. The existence of a periodic billiard trajectory with at most n + 1 bounce 
times is due to [2]. They also consider arbitrary metrics on R™. 

In [S], it is proved (theorem 4.1) that there exists a periodic billiard trajectory 7 on Q 
(with the flat metric) which satisfies a length estimate I7I < C' n vo\{Vl) 1 l n , where C' n is a 
positive constant which depends only on n. Notice that this result follows from theorem 
ll.ll and an obvious inequality r(Q) < u;~ 1 ^™vol(n) 1 / n , where u n denotes the volume of the 
n -dimensional unit ball. 

In [Tj, it is proved (theorem 1.2, the case of a constant potential) that there exists a 
periodic billiard trajectory 7 on Q (with the flat metric) with at most n + 1 bounce times 
and which satisfies a length estimate I7I < C"diamf2, where C" is a constant which does 
not depend on n, and 

diamfi := inf{|t>| | (v + Q) H Q = 0}. 

Notice that our main theorem also implies this result for each fixed n, though we can not 
prove the independence of C" on n by this argument. 

Finally we remark that one can easily construct (Qk)k, a sequence of bounded domains 
in R n , such that lim vol(f2fc) = lim diam(f2fc) = 00 and r(Qk) < 1 for any k. 

k— >oo k— >oo 

To prove theorem ll.l[ we use symplectic capacity defined via symplectic homology, 
which was introduced in [7J. In the present paper, symplectic capacity is defined for 
Liouville domains (compact exact symplectic manifolds with convex boundaries), and it 
is denoted by cap s . The definition is given at the beginning of section 3. 

Using symplectic capacity cap 5 , we introduce the notion of capacity for Riemannian 
manifolds (without boundaries), which is denoted by cap R . Roughly speaking, it is defined 
by cap H (iV) := c&p s (DT*N), where DT*N := {(q,p) E T*N \ \p\ < l}. But when N 
is non-compact, the right hand side does not make sence since DT*N is not a Liouville 
domain (since it is not compact). Hence we have to approximate DT*N by compact 
domains. See definition 14.31 for the precise definition. 

We prove that cap^ satisfies following properties: 

(A) Let Q be a non-empty open set in R™. Then, cap R (f2) < C n r(Q), where Q is 
equipped with the flat Riemannian metric on R n . 

(B) If Q is a bounded domain in R n with smooth boundary, there exists a periodic 
billiard trajectory on Q with at most n+1 bounce times and of length equals to 
cap^fi). 

Our main theorem 11.11 follows at once from (A) and (B). 

We explain the structure of this paper. In section 2, we recall the notion of symplectic 
homology. We use the version introduced in [7J. 

In section 3, we define cap s , and prove its properties. The most important result in this 
section is theorem I3.6[ which asserts that when ir : Y — > X is a covering map between 
Liouville domains, then cap 5 (y) < cap 5 (A). Though its proof is not very difficult, it 
seems to the author that this result contains a novel idea. 
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In section 4, we define cap^, and prove its properties. The main result in this section is 
theorem I4.13[ which includes the property (A). Theorem 13.61 is used to prove that M n \Z n 
with the flat metric has a finite capacity (theorem 14. 12j) . Theorem 14.131 is proved by 
theorem 14. 121 and elementary geometric arguments. 

In section 5, we prove the property (B) (theorem I5.ip . The arguments in this section 
heavily rely on the techniques developed in the recent paper pQ. 

In the appendix, we prove theorem 12. 12} which asserts that truncated symplectic ho- 
mology of a Liouville domain (X, A) depends only on dX. It seems to the author that 
theorem 12. 121 is well-known to experts. But we give a proof of the result since the author 
is unable to find its proof in the literature. 



2.1. Liouville domains. First, we recall the notion of Liouville domains. A Liouville 
domain is a pair (X, A) where X is a compact manifold with boundary and A is a 1-form 
on X, with the following conditions: 

(1) (X, dX) is a symplectic manifold. 

(2) Z G <5T(X) defined by %zdX = X points strictly outwards on dX. 

(2) implies that (dX, A) is a contact manifold. Let R be the Reeb vector field on (dX, A) 
(recall that R is characterized by i^dX = 0, X(R) = 1). 

In the rest of this paper, (X, A) stands for a Liouville domain, and n stands for dimX/2, 
unless otherwise stated. 

2?{dX, A) denotes the set of periodic Reeb orbits on (<9X, A), and £Po(dX, A) denotes 
the set of elements of £P(dX, A) which is contractible in X. For each x G £P(dX, A), its 
period is denoted by t(x), and 



It is well-known that r(<9X, A) is a closed null set in [0, oo). Define S(dX, A) : = 
minr(<9X, A). It is clear that 5(dX, A) > 0. 

There exists an unique (up to homotopy) almost complex structure on TX, which is 
compatible with dX. In the rest of this paper, we only treat the case ci(TX) = 0. 

Let (X, A) be a Liouville domain. We define $ : dX x (0, 1] — > X by 

$(z, 1) = z, d r &(z,r) = r^ 1 Z((^(z,r)). 

It is easy to check that <£>*A = rir*X, where 7r : dX x (0, 1] — > dX is the projection. Define 
X and A G n\X) by 



2. Symplectic homology 



r(dX,X) := {t(x) I x G 0>(dX,X)}. 





(on X) 

(on dX x (0,oo)) 



We call (X, A) the completion of (X, A). 
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By definition, there exists a natural embedding / : dX x (0, oo) — > X. We often identify 
dX x (0, oo) with its image via /. For r G (0, oo), X(r) denotes the bounded domain in 
X with boundary dX x {r}, i.e. 




XU<9Xx[l,r] (r>l) 
I\aix (r, 1] (r < 1) ' 



Definition 2.1. Two Liouville domains (X, A), (X', A') are called equivalent if and only 
if there exists a diffeomorphism ip : X' — > X such that A' = <p*X. (X, A), (X', A') are 
called isotonic if there exists a smooth family of Liouville domains (X, A t ) <t<i, such that 
Ao = A and (X, Ai) is equivalent to (X', A'). 



2.2. Periodic orbits of Hamiltonian flows. For H G C°°(X), we define its Hamil- 
tonian vector field X H by ix H dX = —dH. For H = (H t ) teR / T i, a family of Hamiltonians 
on X parametrized by R/rZ, let us denote by & T (H) the set of x: R/rZ — > X which is 
contractible and satisfies d t x = Xn t (x). ^Pi(H) is often abbreviated by 

For x G 3P T {H\ we define its Conley-Zehnder index. For later purposes, it is necessary 
to define the Conley-Zenhder index for degenerate periodic orbits. Hence we have to 
define the index for degenerate symplectic paths. We use the definiton given in [5]. 

First we introduce some notations. Take a coordinate (qi,p%, ■ ■ ■ ,q n ,Pn) on R 2n , and 
define 

An := o p i A dq i ~ q i A dp i> 



l<j<n 



UJr, '■= d\ 



ll ■ 



Sp(2n) := {V G GL(2n, R) | V*w n = w n }. 

In the present paper, GL(2n, R) acts on R 2n from right, i.e. we denote the action of 
GL(2n, R) on R 2n by 



\Xi , . . . , X2n 



\l<j<2n l<j<2n / 



For r > 0, let us denote 

&> T (2n) : = {7 G C°([0, r], Sp(2n)) | T (0) = l 2n }. 

We define the index i : ^ T (2?2) — )■ Z by several axioms. To spell out the axioms, we 
introduce more notations. 

• For 7o,7i G ^V(2n), 7 ~ 71 if and only if there exists 5: [0, 1] x [0, r] — » Sp(2n) 
such that ■) = 7j(-) (z = 0, 1), <5(s,0) = lzn, and rk(5(s, 1) — l 2n ) is constant 
on s. 

• For 7; G ^ r (2n;) (z = 0, 1), define 70 o 71 G ^ r (2n + 2m) by 70 O 71 (t) : = 
7oW 



Tl (t)r 



For 7o ,7i e C°([0,r],Sp(2n)) such that 7o (r) = 71 (0), define 7l *7 G C°([0, r], Sp(2n)) 
7o(20 (t < r/2) 

7i(2*-r) (t>r/2)' 

cos(t9/r) -sm(t9/r) 



by 71 * 7o(*) ~- 

For r > and 9 eR, define (p Tfi G ^(2) by ^(t) : 



sin(*0/r) cos(t9/r) 



The index z : <^ r (2n) — >■ Z is defined by the following axioms: 

Theorem 2.2 ([5], theorem 6.2.7). Forr > 0, there exists an unique mapi : & T {2n) — > 

n>l 

Z which satisfies the following five axioms: 

(1) For 70, 71 G ^ r (2n) ; 70 ~ 71 =>• «(7o) = «(7i)- 

(2) For 7i G ^ T (27ii)(i = 0,l), z(7o o 7i) = «(7o) + Klx)- 

(3) For any 7 G ^ r (2) satisfying j(t) = ( „ ^ ) (a = 0, ±1), tnere exzsis 6* > stzc/i 



^0 i x 

£/ia£ z([7(r)<^ r _ e ] * 7) = 2(7) /or any G (O,0 O ]- 

(4) For any 7 G ^ T (2) satisfying j(t) = ^ (a = ±1), there exists 9 > suc/i 
i/iai i([7(r)(^ Ti 6)] * 7) = 2(7) + 1 for any 9 G (0, 6q\. 

(5) Fe/ine 70 G <P T (2) 6y To (t) := ^ ^ + ^-1) . Fnen, z( 7o ) = 0. 

In [5], several equivalent definitions are given (definition 5.4.2, definition 6.1.10). In 
particular, definition 6.1.10 in [5j implies the following useful lemma: 

Lemma 2.3. Let us define the set of non- degenerate symplectic paths by 

&*(2n) := {7 G ^ T (2n) | rk( 7 (r) - l 2n ) = 2n}. 

Then, for any 7 G &> T (2n), = sup inf{i(/3) | p G U fl &*(2n)}, where N(j) 

U<ZN(y) 

denotes the set of all open neighborhoods 0/7 in & T (2n). 

The following lemma follows at once from the above lemma. 

Lemma 2.4. Assume that a sequence ("fkjk ^ n & T {2n) converges to 7 in 0P T {2n). Then, 
< liminf i( 7 k). 

fc— >oo 
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Next we define the Conley-Zehnder index Hcz( x ) f° r x G & T (H). Let F> 2 := {2 G C | 

< l}, and take arbitrary F> 2 — )■ X such that x(e 27 ™ 9 ) = x(t9) (such 2 exists since 

x is contractible). Since D 2 is contractible, x*TX is a trivial symplectic vector bundle. 
Take the following trivialization of symplectic vector bundle: 

F : (M 2n , u n ) x D 2 -»■ x*FX; (v, 2) 2) . 

Define 7 : M/rZ -> Sp(2n) by 

7 (t) : = (F e2 ^ /T ) _lo ^°^i- 
5 



where (<&t)t is the Poincare map generetaed by (X Ht )t- Finally, we define fJ,cz(x) by 

Hcz(x) := 1(7). 

Since C\(TX) = 0, the above definition is independent of choices of x. An element 
x G & T {H) is called non- degenerate if and only if 7 € £P*(2n). 

2.3. Floer homology on Liouville domains. For r > 1, let Jf?(X, A : r ) be the set of 

H = (H t )teM/z, a family of Hamiltonians on X parametrized by R/Z, with the following 
property: 

There exist a > 0, b G R such that H t (z,r) = ar + b for any (z,r) G 
<9X x [r , 00) and t G R/Z. (we denote a, b by a H , 6#.) 

We denote A) := (J A : r ). 

r >l 

if G J^(X, A) is called admissible if all elements of £P(H) are non-degenerate, and 
an ^ t(8X, A). J^ d (X, A) denotes the set of all admissible if G Jt?(X,A). Note that 
when if is admissible, then < 00. 

For if G MLd(X, A), we define its Floer homology HF* (if). For each fceZ, let ^ fe (ff) 
denote the set of x G £P(H) with /xcz(^) = ^ ; and let Ck(H) denote the free Z 2 -module 
over ^k(H). 

To define the Floer homology, we need to equip X with almost complex structures. For 
fo > 1, let ^f(X, A : r ) be the set of J = (Jt)tm/i,, a family of almost complex structures 
on X parametrized by R/Z, such that following properties hold for any t G R/Z (ff. and 
£ denote the Reeb vector field and the contact distribution on (dX, A)): 

• J t is compatible with dX. 

• J t (d r (z,r)) =r~ 1 i?(z,r) for (z,r) G dX x [r ,oo). 

• There exists j t , an almost complex structure on £ such that Jt\t( z ,r) — jt for 
(z,r) G <9X x [r , 00). 

We denote f{X,X) := (J ^(X,A:r ). 

ro>l 

Remark 2.5. Recall that an almost complex structure J on X is compatible with d\ if 
and only if the bilinear form on TX 

(v,w)j := dX(v,Jw) (v,weTX) 
is a Riemannian metric. Let us denote (v^v) 1 / 2 by \v\j. 

Let H G JtfUiX, A), J G J{X,\). For x_, x + G ^(ff ), we consider the Floer equation 
for u : R x R/Z ->■ X, namely: 

d s u — Jt(d t u — X Ht {u)) = 0, u(s) — > x± (s — > ±00). 
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In the second formula, u(s) denotes the map R/Z — > X;t t— > u(s,t). Let us denote the 
moduli space of solutions of the above Floer equations by x + : H, J) . x + : 

if, J) admits a natural R action: 

s • u(s, t) := w(s — s , t). 

^((x-,x + : H, J) denotes the quotient of ^C(x^,x + : i/, J) by the above R action. 

For generic J, : H,j) is a smooth manifold with dimension /icz(^-) — 

/xcz(^+) — 1- For such J, we define the differential 8h,j '■ Ck(H) — > Ck-i(H) by 

d HJ [x.] := ^ : H, j) ■ [x+] (x- G P^H)). 

Then, (C*(H),dH,j) becomes a chain complex. It follows from the following C° bound 
for Floer trajectories (this is a special case of lemma E21 which is stated later): 

Lemma 2.6. There exists a compact set B C X such that for any G &(H) and 

u G jtf(x-, x+ :H,J), u(R x R/Z) c B. 

It can be shown that the homology group of the complex (C*(H), 8h,j) is independent 
of choices of J, and we denote it by HF*(if), or HF* [H : (X, A)) , when we need to specify 
the Liouville domain. 

Let H_,H + G J4?ad(X,\) and assume that a#_ < Then, there exists a canonical 
morphism H.F*(H-) — ► HF*(i? + ). This is constructed as follows: take r > 1 and (H s ) se ^, 
a family of elements in Jt?(X, A : r ) and (J s ) se K, a family of elements in ^{X, A : r ) 
which satisfy the following conditions: 

• There exists s > such that H s = < ~ S ° , J s = < ^~ s ° ~ S . 

[H+ (s > s ) [J S0 {s > s ) 

• d s a Hs > 0. 

For a;_ G &(HJ) and a; + G &(H + ), consider the Floer equation for u : R x R/Z — > X: 

d s u - J s ,t{d t u - X Hs t (u)) = 0, u(s) -)■ x± (s -)> ±oo), 
where # M := (-£f s ) t , J Sjt := (J s ) t . 

We denote the moduli space of solutions of the above Floer equation by : 
(H S ,J S ) S ). For generic (J s ) s , ^(x-,x + : (i? s , J s ) s ) is a smooth manifold of dimension 
^cz( x -) — A i cz(a ; +)- Taking such (J s ) s , we define a morphism ip: Ck{H_) — » Ck(H + ) by 

Then, is a chain map from (C*(i7_), dH_,j_) to (C*(-f/+), Oh + ,j + ) ■ It follows from the 
following C° bound for Floer trajectories (it follows from lemma 1.5 in [6]): 

Lemma 2.7. There exists a compact set B C X such that for any X- G ^{HJ), x + G 
&(H + ) andu G : (H„ J s ) s ), u{R x R/Z) C B. 
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Therefore, cp defines a morphism : H.F*(H-) — > HF*(if + ). This morphism does not 
depend on choice of (H s , J s ) s . 

To sum up, we have constructed the canonical morphism HF^H^) — > HF„(iJ + ) for 
H_, H + G ^^{X, A) such that < a^ + . This morphism is called monotone morphism. 

We also study truncated version of the Floer homology. For any x : R/Z — > X, let 

j*k(a;) ;= j x*X- H(x(t))dt. 
Jr/z 

For any interval / C [—00, 00], let Cl(H) be the free Z 2 -module generated over 

{xe^ k (H) I tf H (x)el}. 

For x_,x + G £P(H) and w G : H, J), by straightforward calculations we get 



-d 8 (*/ H (u(s))) = [ \d s u(s,t)\)dt. 
Jr/z 



In particular, if s^nix) < £^h(u), then ^(x,y : H,J) — 0. Hence for any interval 
I C [—00,00], (Cl(H),d H ,j) is a chain complex. Then, we denote if*(Cf(if), d H>J ) 
(which does not depend on J) by HF^if). 

For —00 < a < b < c < 00, there exists a short exact sequence 

->• Cf ,6) (#) ->■ Ct' c) (#) ->• Cf' c) (#) ->■ 0. 
Hence we get a long exact sequence 

(1) ► HFi a ' 6) (iJ) -> HFi a ' c) (iJ) -> HFi 6 ' c) (iJ) -> HF^ (if) 

2.4. Symplectic homology. Let (X, A) be a Liouville domain. In this subsection, we 
define symplectic homology SH^(X, A) for any interval Id. 

First, we define je Test (X, A) C J4?(X, A) by 

je rcst (X, A) := {H G Jff(X, A : 1) I H t \ x < for any t G R/Z}. 

For G ^T rcst (X,A), we denote < H + if and only if (if_) t < (if+) t for any 

i G R/Z. 

Let G ^ r d cst (X,A) := ^ d (X,A) fl ^ rcst (X, A). When < H+, we can 

construct a morphism HF^(iJ_) — > HF^(iJ + ) for any interval I C R. This is constructed 
as follows. First, take (if s ) se R, a family of elements of ^ rcst (X, A) and (J s ) se R, a family 
of elements of ^f{X, A : 1) which satisfy the following properties: 

• There exists s >0 such that H s = \ H [ S ~ ~* o) , J s = \ J ~ so [ S ~ 

[H+ (s > s ) (J S0 {s > s ) 

• d s H Stt (x) > for any (s, t) G R x R/Z and x G X . 



For x_ G ^(H_), x + G 0>(H + ) and u G : (H S ,J S ) S ), 

-d s (^ Hs {u{s))) = [ \d s u\\ t + d s H Stt {u)dt > 0. 

Hence if < £/h + (%+), then : (H S ,J S ) S ) = 0. 

Therefore the morphism (p : (Cf Oh_,j_) — > (CI(H + ),0h + ,j + ) defined by 
<p[xJ\ = l^i x -i x + ( H s, J*),) ■ {x- G & k (H_)) 

is a chain map. Hence we get a morphism HF^ii/L) — > HF^(_ff + ). This morphism does 
not depend on choices of (H s , J s ) s . Then, we define SH^(X, A) by 

SH^(X,A):= lim HFl(H). 

HeM'™ st (X,\) 

For — oo < a < b < c < oo, by taking limit of (jTJ), we get a long exact sequence 
(2) • • • -> SH^ (X, A) -> SH[ a ' c ) (X, A) ->■ SH^ (X, A) -> SH^ (X, A) -> • • • . 

For a G (-oo, oo], SH^°°- a) (X, A) is often denoted by SH< a (X, A). SH<°°(X, A) is often 
abbreviated by SH*(X, A). The following lemma will be useful in later: 

Lemma 2.8. For any H G JF^X, X), there exists a canonical isomorphism SH^ flH (X, A) — > 
HF^if). When H , H + G J^j(X, A) satisfy < clh + , the following diagram commutes: 

SH, <aff -(X,A) — HF*(#_) . 



SH* <a " + (X, A)^HF*(# + ) 

Proof. It is not hard to check that the following natural morphisms are all isomorphic: 
lim HF<°"(G)->- lim HF< Q "(G) = SH<^(X, A), 

a-G< a H 

lim HF< a "(G) -)• lim HF*(G), 

a-G< a H a G <a H 



lim HF*(G) ->• lim HF*(G), 

GG,ir a r d cst Gejr ad 

a G <a H a G <a H 

lim HF*(G) ->• HF*(ff). 

«G<«H 

By composing the above isomorphisms and their inverses, we get an isomorphism SH^ aH (X, A) — > 
HF*(if). This proves the first assertion. The second assertion follows from the above con- 
struction. □ 



We recall three well-known results on symplectic homology. All these results were 
established in [7J. The first result is the following: 

Theorem 2.9. For any < 5 < 5(dX, X), there exists a canonical isomorphism SH^(X, A) — > 
H*+n(X, dX). 

The second result is the following: 

Theorem 2.10. If (X, A) and (Y, A') are isotonic as Liouville domains, then SH*(X, A) = 
SH*(Y,A'). 

As a corollary of the above theorem, we can conclude that SH*(X, A) depends only on 
dX. Assume that (X, A), (X, A') are Liouville domains, and dX = dX' . Then, (X, tX + (1 — 
t)X') o<t<i is a family of Liouville domains, and theorem [2JXJ] implies that SH*(X, A) = 
SH*pr, A'). Hence we often denote SH^X, A) by SH#(X, dX). 

The third result is the following: 

Theorem 2.11. For positive integer n and r > 0, let 

B 2n {r) := {{q,p) G R 2n | \q\ 2 + \p\ 2 < r 2 }. 
Then, (£? 2n (r), A„) is a Liouville domain, and SH* (£> 2n (r), A„) = 0. 

For proofs, see proposition 1.4 in [7j for theorem I2.9[ theorem 1.7 in [7] for theorem 
I2.10[ and section 4, example 1 in [7j for theorem 12.111 

Note that theorem 12.101 does not hold for truncated symplectic homology. However, 
the following result holds: 

Theorem 2.12. Let (X, A), (X, A') be Liouville domains, and assume that dX = dX' . 
Then, for any a G (0,oo], there exists a canonical isomorphism ip <a : SH^ a (X, A) — > 
SH< a (X, A'). Moreover, for any < a < b < oo, 

SH< a (X,A) — SH< a (X,A') 

" 

SHf (X, A) — SHf (X, A') 

commutes. 

Theorem 12.121 is proved in the appendix. 

3. Symplectic capacity via symplectic homology 

Definition 3.1. Let (X, A) be a Liouville domain. cap 5 (X, A) is defined by 

cap 5 (X,A) := inf{a G (0, oo] | SH< 5(9X ' A) (X, A) SH< a (X,A) vanishes}. 
Remark 3.2. The above capacity is introduced by CViterbo in [7J, section 5.3. 
Lemma 3.3. Let (X, A) be a Liouville domain. 
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(1) cap 5 (X, aX) = a ■ cap 5 (X, A) for any a G (0, oo). 

(2) SH*(X,A) = ==> cap 5 (X,A) < oo. 

(3) cap 5 (X, A) depends only on dX. 



Proof. (1) and (2) are immediate from the definition. (3) follows from theorem |2.12[ □ 

The goal of this section is to prove the following three properties of cap s . 

Theorem 3.4. Let (X, A) be a Liouville domain, and X in be a submanifold of X of 
codimension 0. If (X in , A) is a Liouville domain, then cap 5 (X in , A) < cap s (X, A). 

Theorem 3.5. Let (X, A) be a Liouville domain. If cap s (X, A) < oo ; there exists x G 
£Po(dX, A) such that r(x) = cap 5 (X, A) ; /icz(^) < n + 1. 

Theorem 3.6. Let it: Y — > X be a covering map such that deg7r < oo. If (X, A) is a 

Liouville domain, then (Y, tt*X) is a Liouville domain, and cap s (Y, tt*X) < cap 5 (X, A). 

Remark 3.7. Conley-Zehnder index for elements in & (dX, X), which appears on the 
statement of theorem 13.51 have not been defined. It is defined at the beginning of section 



It seems to the author that various variants of results semilar to theorems 13.4} 13.51 are 
known or expected to hold by experts. We give its proof below for the sake of completeness 
since the author is unable to find their proofs in the literature. On the other hand, theorem 
13.61 is new, though its proof is not very difficult. Theorem 13.61 plays a crucial role in the 
proof of theorem I4.13[ which is the main result in section 4. 

3.1. Proof of theorem 13.41 First we prove the following lemma. 

Lemma 3.8. Let (X, A) and X- m be as in theorem \ 3.4\ and e G (0,1). Let H_,H + G 
JifadiX, X), (H S ) S £M. be a family of elements ofJtf(X,X), (J s ) se iR be a family of elements 
of ^(X,X). Assume that they satisfy the following conditions: 



(ii) d s H Stt (x) > for any (s,t) GRx R/Z and x G X. 

(iii) There exists a G C°°(R) such that H Stt (z,r) = a(s)(r — e) for (z,r) G dX in x 



(iv) dr o J s t = -X on dX iQ x [e 2/3 ,e 1/3 ]. 

Assume x_ G &>{HJ) and x + G ^(H + ) satisfy z_(R/Z), s+(R/Z) C X in {e 1/3 ). Then, 
for anyu G : (H S ,J S ) S ), u(R x R/Z) C X in (e 1/3 ). 

Proof. First notice that x_(R/Z), x + (R/Z) are contained in X- m (e 2 ^ 3 ), since (H±) t (z, r) = 
a(±s )(r - e) for (z,r) G dX m x [e 2/3 ,e 1/3 ] and a(±s ) r(<9X in , A) (this follows from 
(i), (iii) and H± G M^(X, A)). We will prove that for any u G ^(x_,x + : (H S ,J S ) S ), 
u(R x R/Z) C X iQ (e 1/3 ). If this is not true, for any r G (e 2/3 ,e 1/3 ), D ro := R x R/Z \ 
u^ 1 (intX in (r )) is non-empty. Note that D ro is compact since x±(R/Z) C X in (£: 2 / 3 ). For 



3.3. 



(i) There exists so > such that H s 




H (s<-s ) 
H+ (s>s ) 



[e 2 ' 3 ^ 1 ' 3 }. 



n 



generic r , u is transverse to dX- in x {r }, hence we may assume that D ro is a compact 
surface with boundary. 

It is easy to verify that d s u is not constantly on D ro . Hence 

/ \d s u\ 2 j 3t dsdt > 0. 

Since u satisfies the Floer equation d s u — J s Ad t u — X Hst {u)) = 0, 

/ \d s u\ j s t + d s H s j(u) dsdt = / d\(d t u, d s u) + dH Stt (d s u) + d s H S)t (u) dsdt 

-u*\ + H st (u) dt. 



I 



s.t\ 

dD rn 



Since u(dD ro ) C 9X in x {r }, we get by (iii) 

(s,t)edD ro H Sit (u(s,t)) = a(s)(r - e), \(X Hst (u(s,t))) = a(s)r . 
Therefore 

/ —u*X + H Sjt (u)dt= / \{XH Syt ® dt — du) — e I a(s) dt. 

JdD ro JdD ro JdD ro 

On the other hand, the Floer equation is equivalent to 

J s ,t ° (^i? s ,i ®dt- du) = -(X Hs t ®dt — du) o j, 
where j is the complex structure on K x R/Z, defined by j = Therefore by (iv) 



\{X Hst ®dt-du) = / \(J Syt °{X Hst ®dt-du)oj')= \ dr(X Hst ®dt-du)oj. 

dD rQ JdD rQ JdDrg 

dr(XH Sit ) = on dX m x {r }. Moreover, if V is a vector tangent to dD ro , and positive 
with respect to the boundary orientation, then jV points inwards, hence dr(du(jV)) > 0. 
Therefore, 

/ X(X Hst ®dt-du) < 0. 

JdD ro 

Finally, 

/ \d s u\ 2 Js t + d s H s j(u) dsdt < —e / a(s) dt = —e I d s a(s) dsdt. 

Since d s H st > and d s a > by (ii), this implies 

/ \d s u\ 2 Jat dsdt <0. 

JD ro 

This is a contradiction. □ 

We prove theorem I3.4L 

Proof. We prove that, if a satisfies a > cap 5 (X, A) and a r(dX, A) U r(<9X in , A), then 
a > cap s (X in , A). This implies cap 5 (X, A) > cap 5 (X in , A), since r(dX, A) and r(<9X in , A) 
are null sets. In the rest of this proof, we assume that X and X- m are connected. General 
case follows at once from this particular case. 
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Take e > so that [a(l — e), a] is disjoint from r(dX, A) and r(<9X in , A). For any c > 0, 
define H c : X in — > R and lf c : X — > R as follows: 

(x G X in (e)) 

(x = (z, r) G <9X in x [e, oo)) ' 

(x G X in ) 
(xGX\X in ) 

(x = (2, r) G <9X x [l,cx))). 

Take 5 > so small that 6 < mm{5(dX, A), 5(dX in , A)}. Then, perturbing K a , K$ and 
H a ,H$ respectively, we can take K' a ,K' s G M^(X,X) and H' a ,H' 5 G ^^(X^, A) which 
satisfy the following properties: 

(i) For c G {5, a}, the following holds: 

(a) (H' c ) t = H c on <9X in x [e 2/3 , 00) for any t G R/Z. 

(b) (^) t = K c on <9X x [2, 00) for any t G R/Z. 

(c) (iO* = (K)t on X- m (e 1/3 ) for any t G R/Z. 

(d) For x G ^(i^), ^'0*0 > if and only if x(R/Z) C X in ( £ 1/3 ). 

(ii) (K' s ) t < (K' a ) t and (H' s ) t < for any t G R/Z. 

(hi) H' s and are time independent, i.e. There exist h G C°°(Xi n ) and k G C°°(X) 
such that (iZ£) t = h, (K' s ) t = k. Moreover, &{H' S ) = Crit(/i), ^(#5) = Crit(A;) 
and if p G Crit(fc) satisfies indp = 0, then p G X in . 

Let c G {5, a}. Then, by (i)-(c) and (i)-(d), if x G £P(K' C ) satisfies ^-/(x) > 0, x can 
be identified with a solution of d t x = X( H rj t (x). We define ip c : C^°(K' C ) — > C*(H' C ) by 




[x] (x is contractible in X in ) 
(otherwise) 



'if part of (i)-(d) implies that ip c is an epimorphism. 

Let J = (Jt)teR/z be a family of almost complex structures on X in , such that each J t is 
compatible with dX and satisfies dr o J t = —A on X in x [e 2//3 , e 1//3 ]. 

By (i)-(a) and (i)-(c), (K' c ) t {z,r) = c(r - e) for (z,r) G X in x [e 2/3 ,e 1/3 ]. Therefore, by 
lemma 13781 if we extend J to J x G ^(X, A) and J Xin G ^f(X m , A), defines a chain 
map from (C>°(K' C ), d^jx) to (C,(#D, d H ,^). 

It induces a morphism 

HF,(^)^HF>°(^)^HF*(i^). 
We will denote this morphism also by ip c . 
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H c {x) = (° 

I c(r — £j 

r i? c (x) 

K c (x) = lc(l-e) 
I c(r — e) 



(3) 



HF*(^)^HF*(i^) 



HF.^-^HF.Cffi) 

commutes, where vertical morphisms are monotone morphisms. 

We complete the proof. We have to show that if SH< (5 (X, A) -> SH< a (X, A) vanishes, 
then SH< 5 (X in , A) -> SH< a (X in , A) vanishes. 

By (i)-(b), or-/ = a/// = c for c G {5, a}. Hence by lemma I2"l?| it is enough to prove 
that if EF n (K' s ) % HF n '(^) vanishes, then HF n (^) ->■ EF n (H' a ) vanishes. 

By (iii), C k (H' 6 ) = C k (K' s ) = for k > n + 1, and C n (i^) is identified with C n (H' s ). 
Hence ips '■ HF n (fT^) — > HF n (H' s ) is injective, therefore isomorphic (recall that we have 
assumed X and X in to be connected). Then, (J3J) implies that if BF n (K' 5 ) — >■ HF n (i£^) 
vanishes, then HF n (i^) — >■ HF n (i^) vanishes. □ 

3.2. Proof of theorem 13.51 First we define the Conley-Zehnder index for elements of 
^ (dX, A). We assume that n > 2. Let x G ^o(dX, A). Then, there exists x : D 2 -»■ X 
such that x(e 2m0 ) = x(t9). Take a trivialization of x*TX as symplectic vector bundle, 

F : (R 2n , w n ) x D 2 ->■ x*TX; (u, z) ^ (F z (v), z) , 

such that for any 6 G R/Z, the following holds: 

f F e2 ^(0,..., 0,0,1) =dr(x(r6)), 
(4) i F e2 ^(0,. .. ,0,1,0) =R(x(t8)), 

[ F^iB (R 2n_2 x (0, 0)) = f (z(t0)) . 
Note that such trivialization exists only if n > 2. 

Define a symplectic path 7 G ^ T (2n — 2) by 

7(0 := (-^e 2 ' r > t /T|R2n-2 x ( 0)0 )) O $ t |^ O Fl| R 2n-2 x ( 0)0 ), 

where ($t)t is the Poincare map of the flow generated by R on dX. Then, define 

ficz(x) := 

x is called nondegenerate if and only if 7 G &*(2n — 2). The following lemma will be 
useful in later (note that it also implies that the above definition is consistent, i.e. it does 
not depend on choices of x). 

Lemma 3.9. Let H G C°°(X) such that dX = H^(0) and d r H > on OX . Then, there 
exists 1 : 1 correspondence between elements of &o(dX, \) and periodic orbits of Xh on 
dX, which are contractible in X. For x G 0P§{dX,X), denote the corresponding periodic 
orbit of Xh by xh- When n > 2, 

Hcz(x) = sup/icz(xff), 

H 

where H runs over all Hamiltonians satisfying the conditions as above. 
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Proof. The first assertion is obvious. We prove the second assertion. Let x G &o{dX, A), 
and xh be the corresponding periodic orbit of X# with period r. Take x : D 2 — » X such 
that ^(e 27 ™ 61 ) = xh(t9), and take a trivialization of x*TX as symplectic vector bundle 
F : D 2 x (R 2n ,u n ) x*TX, which satisfies g]). 

Define T G ^ T (2n) by 

r(t) := (Fe^rit/O^o^toFi 

where (<&t)t is the Poincare map of the flow generated by Xh- Then, T(t) can be written 
in the form 

r(*) = 

Denote the symplectic path t by a. Then, by theorem I2.2l (2). i(T) 

i(a) + By definition, 2(7) = /icz( x )- On the other hand, it is easy to verify that 




i(a) 



(o(l) < 0) 
(o(l) > 0) • 

This proves the second assertion. □ 



By lemma 13"!?} it is possible to define the Conley-Zehnder index for x G ^o(<9X, A) in 
another way, i.e. 

Hcz(x) := sup/iczOtf), 

H 

where H runs over all elements in C°°(X) such that dX = iT^O) and d r H > on dX. 
Note that this definition makes sense even when n — 1. 

Corollary 3.10. Lei if G C°°(X) snc/i too* <9X = H~\0) and d r H > on OX. Assume 
that there exist < tq < 1 and /i: [ro, 00) — > R suc/i £/ia£ H(z,r) = h(r) and d 2 h(l) > 0. 
TTien, /or any x G ^o(<9X, A), Hcz(xe) = ^cz(x). 



Proof. First consider the case n > 2. We use notations in the proof of lemma ETUI Then, 
if H satisfies the condition as the above statement, a(l) > 0. Hence Hcz{ x b) — A i cz(^)- 
The case n = 1 is proved by similar arguments. □ 



In the rest of this subsection, we prove theorem 13.51 First we consider cases in which 
all elements of &o(dX, A) are non-degenerate. 

Lemma 3.11. Let (X, A) be as in theorem \3.5[ Assume that all elements in &o(dX,\) 
are non-degenerate. Then, there exists x G £Po(dX,X) such that r(x) = cap 5 (X, A) and 
Hcz{x) G {n,n + 1}. 



Proof. We claim that for any e > 0, there exists x £ G £P (dX, A) such that |cap 5 (X, A) — 
r(x e )| < e and /icz(^e) {n,n + 1}. Since all elements in £P (dX, A) are non-degenerate, 
r(dX, A) n (0, T) is a finite set for any T > 0. Therefore, for sufficiently small e > 0, 
r(a; e ) = cap 5 (X, A). 
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We prove the above claim. It is enough to show the claim for sufficiently small e > 0. 
In particular, we may assume that e/2 < cap s (X, A). The proof consists of 3 steps. 

Step 1. First, take (G l )i, a sequence of time-independent Hamiltonians on X which 
satisfies the following properties: 

• (G l )i is a cofinal sequence in J^ rest (X, A), i.e. for any G G JT rest (X, A), G t < G i 
for any t G R/Z when i is sufficiently large. 

• G l \x(i/2) is sufficiently small in C 2 norm. 

• There exists g % : [1/2, oo) — > R such that G l (z,r) = g l (r) on dX x [1/2, oo) and 
<9 r V > on (1/2, 1). 

Then, &(G % ) consists of constant maps to Cx\t{G l ) and S^-family of degenerate pe- 
riodic orbits. There exists a 1:1 correspondence between S^-family of periodic orbits 
and elements of £P (dX,\) with periods less than a G i. Let x G £P (dX,\) such that 
t(x) < a G i, and let j x be an element of a 5' 1 -family of periodic orbits which corresponds 
to x. Then, it follows from corollary 13. 101 and d 2 g % > on (1/2, 1) that Hcz(lx) = l^cz(x). 
Moreover, by replacing G l if necessary, we may assume that \s^G i {lx) — T ( x )\ < £ /2- 

Step 2. Perturbing each (G l )j, we can construct {H 1 )^ a sequence in J^ at (X, A) with 
the following properties: 

(i) {H% is a cofinal sequence in ^ r d est (X, A), i.e. for any H G J^ st (X, A), H t < E\ 
for any t G R/Z for sufficiently large i. 

(ii) H l \x(i/2) is time- independent, i.e. there exists h l G C°°(X(l/2)) such that Hl\xn/2) — 
W for any t G R/Z. 

(hi) For each x G ^o(<9^ ; A) such that r(x) < a#i, there exists x* 1 G &{H % ) such that 

/iczO^) = /icz(x) + (1 ± l)/2, |^(^) - r(z)| < e/2. 
(iv) £P(H l ) consists of constant maps to Cht(h l ) and jx 1 * 1 | x G ^o(dX, A), r(x) < 

a Hl }. 

Precise arguments on perturbations are carried out as in ^j, proposition 2.2. 

Step 3. Abbreviate cap 5 (X, A) by c. By definition of cap 5 , SH< C ~ £/2 (X, A) -> SH< c+£/2 (X, A) 
is not injective. Then SH„ + i (-X", A) ^ 0, for the long exact sequence 

► SR^'^^iX, A) ->• SH< c - £ / 2 (X, A) SH< c+£ / 2 (X, A) -)■••• . 

Therofore, by (i), HFj£^ 2,c+e (.ff 1 ) 7^ for sufficiently large i. This implies that there 
exists Xj G ^{W) such that £?Hi(xi) G [c — e/2,c + e/2) and //cz(^j) = n + 1. Since 
(iP)i is cofinal in Jt? rest (X, A), we may assume that inf /i l > e/2 — c. Hence Xj is not a 
constant map to Crit(/i l ), and by (iv), there exists x G <^ (<9X, A) such that Xj = x + or 
Xj = x~. By (iii), r(x) G [c — e, c + e) and ^cz(^) £ {n, n + 1}. Hence we have proved 
the claim. □ 



We prove theorem 13.51 
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Proof. Let (X,X) be the completion of (X, A). For any positive smooth function / on 
dX, let £/ be the hypersurface in X defined by {(z, f(z)) | z G <9X}, and Df be the 
bounded domain in X with boundary E/. Then (Df,X) is a Liouville domain. 



If | log /| c o (ax) < c, X(e c ) C D f C X(e c ). Hence by theorem [331 

g -c < cap s QP/,A) < gC 
cap 5 (X, A) 

In particular, if | log /Ic-o^x) i s sufficiently small, then cap s (Df, A) is sufficiently close to 
cap 5 (X, A). 

Let (f m )m be a sequence of C°°(9X), such that all periodic Reeb orbits on (£/ m , A) are 
non-degenerate, and | log f m \c 2 (dx) — > as m — )■ oo. By lemma l3.11[ for each integer m 
there exists x m G ^{T,^, A) such that r(x m ) = cap s (Z)/ m , A) and ficz(x m ) G {n,n+ 1}. 
Since | log f m \c 2 (dx) 0, / m A converges to A in C 2 . Hence, setting R m to be the Reeb 
vector field on (dX, f m X), R m converges to R in C . On the other hand, r(x m ) converges 
to cap 5 (X, A) > 0. Hence, up to a subsequence, (x m ) m converges to Xoo G S^^ipX^X) 
such that t(xoo) = cap 5 (X, A). Moreover, 

Hcz(xoo) < liminf fi C z{x m ) <n+l, 



where the first inequality follows from lemma 12.41 □ 

Theorem 13.51 together with lemma 13.91 implies the following corollary: 

Corollary 3.12. Let (X, A) be a Liouville domain, and cap 5 (X, A) < oo. Then, for any 
H G C°°(X) such that dX = H~\0) and d r H > on dX, there exists x : R/rZ dX 

such that d t x = Xh(x), / x*X = cap s (X, A) and ficz(x) < n + 1. 

Jr/tZ 



3.3. Proof of theorem I3.6L We prove the first assertion. Since deg7r < oo, Y is com- 
pact. Define Z G !%{X) by izdX = X. Then, i n *zdn*X = n*X, and n*Z points out- 
wards on dY. Hence (Y, 7r*A) is a Liouville domain. Now we prove the second assertion: 
cap 5 (Y>*A) < cap s (X, A). Define ft : Y X by 



7r(y) (y G Y) 

(n(z),r) (y = (z, r) G dY x [1, oo)) . 
Then, ft : K — > X is a covering map and deg7r = deg7r. 



For H G J^(X, A), denote H o by H. Since &(H) and &(H) consist of contractible 
solutions, &(H) — > ^(H) : ?/ 1-> 7r o y is deg(7r) : 1. We denote this map also by 7r. 

Denote the Poincare map generated by X H (resp. Xfj) by (^) t (resp. Clearly, 

c?7r o d$i = d$i o dfc. Hence y G ^(H) is non-degenerate if and only if it(y) G £P(H) is 
non-degenerate. Moreover, since r(<9Y, 7r*A) C t(8X,X) and a# = a#, if a// ^ r(<9X, A) 
then ^ r(dY, tt*A). Therefore, if H G ^ d (X, A) then H G *(Y, vr*A). 

Let H G ,^d(X, A) and J = (Jt)teR/z £ ^(-^j^)- Recall that J is said to satisfy 
the transversality condition with respect to if if and only if for any x, x' G &(H) and 
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u G ^ (x, x' : H, j), 

D u : L^ p (u*TX) -> L p (u*TX); £ ^ V s £ " ^*V t & - (V € J t • ftw + V^Vtf*)) 

is onto (p is an arbitrary real number satisfying p > 2). Let ^h{X,X) be the set of 
elements of ^ (X, A) which satisfy the transversality condition with respect to H . 

Define J G jf{Y,ir*\) by J t := n*J t . Then, for any x G £»(if) and y G ^(H), the 
following map is bijective: 

j ( ^(y',y : H, J ) ->■ JZ{x,n(y) : H, J); m^itom. 

Clearly, rfir o _D U = .D,^ o c?7r for any w. Hence, J G ^niX, A) if and only if J G 
A). 

Let if G J4?ad(X, A) and J G ^h(X, A). Then, we claim that 

T/, H :(C.(H),d Ht j)^(C.(E),d B ,jy t ^ [y] 

?/S7r _1 (x) 

is a chain map. Let fc be an integer and x G &k{H). Then, by definition 



{pH,J [X])=M E ^ ( X > X>: H > J ) " M 



= ^(x,*(y')--H,J)-[y'}, 

dB,j(Mz])= E VhM= E ( E M'W^.J))^. 

Hence it is enough to prove that 

^(x,n(y'):H,j)= ]T %Jt(y,i/ : H,J) 

for any x G ^ k {H), y' G ^k-i(H). But it is clear since 

|_j ^(y,y' : H,J ) ^ ^(x,n(y') : H,j); [m]^^om] 

is a bijection. Therefore we have proved that ipu is a chain map. Hence we can define a 
morphism 

HF„(if : X, A) ->■ HF* (if : Y, tt*A). 
We denote this morphism also by ipn- Let if, if' G J^(X, A). If an < oft, 

(5) HF*(if) ^ HF* (if) 



HF* (ff') ^— HF*(if') 

commutes, where vertical morphisms are monotone morphisms. 
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To prove cap s (Y, 7r*A) < cap 5 (X, A), it is enough to show that if a ^ t(8X, A) satisfies 
a > cap s (X, A), then a > cap s (Y, 7r*A). a > cap s (X, A) implies that SH^ <5 (X, A) — > 
SH< a (X, A) vanishes for any < 5 < 5{dX, A). Take H± G J%d(X, A) such that a H _ = 5, 
Then, by lemma HF n (#_) ->■ RF n (H + ) vanishes. 

In the rest of this proof, we assume that X and Y are connected (general case follows 
at once from this case). Take H_ so that it satisfies following conditions: 

• H_ is time independent. 

• H^(z, r) = 5r + const for (z, r) G dX x [1, oo). 

• H-\x is sufficiently small in C 2 . 

Then, &(HJ) and &(HJ) consist only of constant maps to Crit(if_), Crit(if_). In 
particular, C k {HJ) = C k {H_) = for jfc > n + 1. Hence i) H _ : HF n (#_) -» HF n (#_) is 
injective, therefore isomorphism (since X and Y are connected). 

Hence, the commutative diagram (J5J) implies that HF n (i7_) — )■ HF n (/7 + ) vanishes. 



Again by lemma ESI SH„ (Y, 7r*A) -> SH< a (F, 7r*A) vanishes. Hence a > cap s (Y,n* \). 



In this section, we introduce the notion of capacity for Riemannian manifolds without 
boundaries, which is denoted by cap^. The main result in this section is theorem I4.13[ 
which includes property (A) which we have stated in the introduction. In 4.1, we give the 
definition of cap^, and prove its basic properties. In particular, proposition I4.6[ which 
is an easy consequence of theorem I3.6[ is important. In 4.2, we prove that when N is a 
compact connected Riemannian manifold with non-empty boundary, then cap^intX) < 
oo (theorem 14. 7p . In 4.3, first we prove that W l \ Z n with the flat metric has a finite 
capacity (theorem I4.12p . This is proved by combining proposition 14.61 and theorem 14.71 
Theorem 14.131 is obtained by theorem 14.121 and elementary geometric arguments. 

4.1. The definition and basic properties. First we introduce some notations. Let N 



be a n-dimensional Riemannian manifold. Let us denote the natural projection T*N — » 
N;(q,p) gby ir N . We define X N G fi^rw) by 



Then, ujn '■= is a symplectic form on T*N . Define un G 3£(T*N) by i Un ^n = Xn- 
For V G C°°(N), define H v G C°°(T*N) by 



and denote {H v < 0} C T*N by D v . 

f{X) denotes the set of V G C°°(N) such that is a regular value of V, and {V < 
0} C N is compact. 

For f G &(N), define F € G C°°(T*N) and £ G JT(T*X) by F^(q,p) := p(Q and 
£:=X Fe . Then, L^jv = and f ( , i0) = £ ? . 




□ 



4. Capacity of Riemannian manifolds 



X N (v) := p^TTjvO;)) (g G X,p G T;X,t; G T (q>p) (T*N)) . 



H v (q,p) = V(q) + \p\ 2 /2, 
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Lemma 4.1. Let N be a Riemannian manifold without boundary. Then, for any V G 
Y(N), there exists A G fi 1 (T*A^) such that dX = ojn and (Dy,X) is a Liouville domain. 
IfV,V G Y(N) satisfy V > V , then ca.p s (D v ,oj N ) < cap s (D Vf ,u N ). 

Remark 4.2. For any Liouville domain (X, A), cap(X, A) depends only on dX (lemma 
13. 3\ (3)). Hence formulas cap 5 (LV, u^) and ca.p s (D v >, ujy) make sense. 

Proof. We prove the first assertion. Take £ G J%~(N) such that dV(£) > on {V = 0}. 
For 5 > 0, define Z$ G 3£(T*N) by := + 5£. Then, Lz s ojn = for any 5. 
Moreover, dHy(Zs) > on Hy 1 ^) for sufficiently small 5 > 0. Hence Aj := iz 6 ^N 
satisfies dX$ = uj^ and (-Dy, Xs) is a Liouville domain for sufficiently small 5 > 0. 

We prove the second assertion. If V > V, {V = 0} D { V' = 0} = 0. Hence there exists 
£ G =T(A0 such that dV(f) > on {V = 0} and dV'(0 > on {V = 0}. Then, for 
sufficiently small 5 > 0, (-Dy, A^) and (Dy>, Xs) are both Liouville domains. On the other 
hand, D v C -Dy. Hence by theorem 13.41 cap s (D v , oj n ) < cap s (D V i, u>n). □ 

We define the notion of capacity for Riemannian manifolds without boundary. 

Definition 4.3. Let iV be a Riemannian manifold without boundary. Then, capacity of 
N is defined by 

cap R (N) := supjcap^ZV,^) I V e ^(N),V > -1/2}. 

Remark 4.4. As is clear from the above definition, when N is a compact Riemannian 
manifold without boundary cap R (iV) = cap s (DT*N, u>n), where DT*N := {(q,p) G 
T*N | \p\ < 1}. 

In the following, we sometimes denote N by (N,g), where g is the Riemannian metric 
on N. We also sometimes denote H v and D v by H Vg , D Vg . 

Lemma 4.5. Let (N,g) be a Riemannian manifold without boundary. 

(1) For any open set Q G N, c&p R (Q,g) < c&p R (N,g). 

(2) c&p R (N, g) = sup{cap R (fi, g) \Vt d N is a open set such that 0, is compact]. 

(3) Let a be a positive number. Then cap^iV, ag) = a-cap R (N, g), where ag is defined 
by (ag)(v) := a- g(v) (v eTN). 

(4) Let g' be a Riemannian metric on N, and assume that g < g' (which means that 
g( v ) < 9'{ v ) f or an V v £ TN). Then cap R (N,g) < c&p R (N,g'). 

Proof. (1) and (2) are clear from the definition. (3) follows from Dy.ag = {(q,a>p) \ 
(q,p) G Dv, g }. (4) follows from g < g' =>■ D v , g C D v , g '. □ 

Proposition 4.6. Let (N,g) be a Riemannian manifold without boundary, and tc : M — >■ 
N be a covering map such that degn < oo. Then, ca.p R (M,n*g) < cap R (N, g). 

Proof. For any V G f{M) such that V > -1/2, there exists W G V(N) such that 
W > -1/2 and V > W o n. Hence 

cap s (D v ,u M ) < cap s (D Wo7r ,u M ) < cap s (D w ,u N ) < cap R (N,g). 
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The first inequality follows from lemma I4.1[ the second inequality follows from theorem 
13. 6[ and the last inequality is clear from the definition of cap^. Therefore cap^(M, n*g) < 
cap R (N,g). □ 

4.2. Capacity of interiors of compact Riemannian manifolds with boundaries. 

The goal of this subsection is to prove the following theorem: 

Theorem 4.7. Let N be a compact connected Riemannian manifold with non-empty 
boundary. Then, cap i? (intA r ) < oo. 

At first, notice the following consequence of theorem 12.101 

Lemma 4.8. Let N be a Riemannian manifold without boundary, and V G ~f(N). Then, 
SH*(Dy,u)N) depends only on diffeomorphism type of {V < 0}. 

We prove the following lemma: 

Lemma 4.9. Let N be a Riemannian manifold without boundary, and V G Y{N). As- 
sume that {V < 0} is connected and {V = 0} ^ 0. Then, SH^Dy, uj N ) = 0. In particular, 
cap 5 (.Dy, co N ) < oo. 

Proof. First note that the second assertion follows from the first assertion by lemma 
13. 31 (2). We prove the first assertion. By lemma I4.8[ for any W G Y{N) such that 
{W < 0} = {V < 0}, SK*(D v ,un) = SR*(D w ,uj n ). Since {V < 0} is a compact 
connected manifold with non-empty boundary, we can take W so that it is a Morse 
function and {Pi, . . . , P m } := Crit(W) D {W < 0} satisfies the following: 

• min W = W{P X ) < W(P 2 ) <■■■< W(P m ) < 0. 

• indPj < n — 1 for all 1 < j < m. 

• indPj = if and only if j = 1. 

To complete the proof, we extend the definition of symplectic homology. Let (X, A) be 
a Liouville domain and if be a Hamiltonian on its completion. Then, let BFf l (H) be 
the homology of (Cf l (H), d) , where Cf l {H) is a Z 2 -graded free Z 2 module generated by 
all (not only contractible) periodic orbits of X H . We define SHf {X, A) := limHFf (H). 

H 

Obviously, SHf (X, A) = SH*(X, A) = 0. 

In the following, we prove that SHf l (D w , un) = 0. For a G R, abbreviate {H w < a} C 
T*N by D< a . Then, for any a G (W(Pi), W(P 2 )), 

SK*(D< a ,u N ) S SH*(B 2n (l),u n ) = 0. 

The first isomorphism follows from lemma 14.81 and the second equality follows from 
theorem 12.111 Since D< a is simply connected, SH^ u (P< a , u^) = 0. 

Hence it is enough to show that for any j G {2, . . . , m}, a G (W(Pj^i), W(Pj)) and 
b G (W(Pj),W(P j+ i)), the isomorphism SHf(D< a ,u N ) SH?(D< b ,u N ) holds. By 
lemma |4~5| it is enough to show that there exists e > such that SH.f l (D< W ( P:j -)_ £ , u^) = 
SH^ 11 (P<^( Pj .) +e , u N ). 
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Let j G {2, . . . , m} and set k := mdPj. Take a local coordinate (gi, . . . , q n ) around Pj 
such that Pj corresponds to (0, ... , 0) and 

W{q x , . . . , q n ) = W{P 3 ) - Yl <& + E 

l<i<k k+l<i<n 

Take e > sufficiently small, and let 

S £ := {(gi,...,gfc,0,...,0) G N | g x 2 + • ■ ■ + q\ = e}. 

For S > 0, let := i/^r + 5VW, and A,$ := iz s ^N- Then, (D< W ( P ) ±e , A5) are Liouville do- 
mains for sufficiently small 5 > 0, and S e is an isotropic submanifold of (dD<w(Pj)-e, A5). 
Moreover, (/^^^/(p^+e, A5) is isotopic as Liouville domain (see definition 12. ip to the Liou- 
ville domain obtained by attaching fc-handle to (D< W ( P ^_ £ , A5) along E £ in the sense of 
[9]. Hence by theorem 1.11 (1) in [3], 

SH^ (D< w ^p.^ E , u N ) = SE.f l (D< W ( Pj ) +£ ,u N ). 

This completes the proof. □ 

Remark 4.10. The above proof shows that (Dw,ujn) carries a structure of so called 
"subcritical Weinstein domain". 

Finally, we prove theorem 14.71 

Proof. For any Riemannian metrics g and g on N, there exists a > such that g < ag' 
since N is compact. Then, cap R (intiV, g) < a ■ cap fl (intiV, g'). Therefore it is enough to 
show that there exists a Riemannian metric g on N such that cap^intiV, g) < 00. 

Take a Riemannian manifold (N', g') without boundary, and an embedding i : N ^ N' . 
We show that cap fl (intiV, i*g') < 00. 

Since N is a compact connected manifold with non-empty boundary, there exists V G 
y(N') such that V o % < -1/2 and {V < 0} is connected, {V = 0} ^ 0. For any PF G 
^(intiV) such that > —1/2, c&p s (D w , un) < cap s (D v ,UN')- Hence cap^intiV) < 
cap 5 (D v , u>n'). On the other hand, cap s (ZV; ^n') < 00 by lemma 1431 This completes 
the proof. □ 

The following corollary of theorem 14.71 plays an important role in the next subsection. 

Corollary 4.11. Let N be a compact connected Riemannian manifold (possibly with 
boundary), and x G intiV. Then, cap i? (intA r \ {x}) < 00. 

Proof. Let n := dimiV. When n = 1, the assertion is easily confirmed. Hence in the 
following, we consider the case n > 2. It is enough to show that there exists a Riemannian 
metric g on N such that c&p R (intN \ {x},g) < 00. 

Let U be a coordinate neighborhood containing x, and (qi, . . . , q n ) be a local coodinate 
on U, such that x corresponds to (0, ...,0). We may assume that B(x, 1) C U and 

dg = dq 2 j on U. 

1<7<« 
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Set S := dB(x, 1) C U, and gs '■= g\s- Take arbitrary smooth function \i : [0, 1] — > IR>o 
such that /j, = 1/2 on [0, 1/3] and /x(r) = r on [2/3, 1], and /x(r) > r. Consider a cylinder 
C = S x [0, 1] equipped with a metric h defined by 

\v + ad r (z, r)\ h := (\v(z)\ 2 ggl i(r) 2 + a 2 ) 1 ' 2 (v eTS,ae K). 

Then, 

/ : (5 x (2/3, 1) \ B{x,2/3),g); (z,r) h- zr 

is an isometry. 

Let (N, g) be a Riemannian manifold which is obtained by pasting (iV \ B(x, 2/3), g) 
with (C, h) via J. Then, is a compact manifold with non-empty boundary (since 
S x {0} C dN), and connected (since iV is connected and n > 2). Hence theorem 14.71 
implies that cap ij .(intA r , g) < oo. 

Define a diffeomorphism J : intiV — > intN \ {x} by 

(y (yeN\B(x,2/3)) 

Ay) ■= 

[rz (y = (z,r) E C = S x (0,1]) 
Then, since /i(r) > r, J*g < g. Hence 

cap^intiV \ {x},g) = cap R (intiV, J*g) < c&p R (mtN,g) < oo. 

□ 



4.3. Capacity of domains in M. n . 

Theorem 4.12. Let g n denote the flat metric on W 1 . Then, cap R (lR n \ Z n ,g n ) < oo. 

Proof. When n = 1, cap R (M\Z, gx) = cap R ((0, l),^) < oo. In the following, we assume 
that n > 2. 

By lemma l4T5l -(2). it is enough to show that, for any bounded open set Q in M n \ Z n , 
cap R (fi) is bounded from above by some constant which depends only on n. 

Let O be a bounded open set in M. n \ Z n . Then, for sufficiently large integer I, Q C 
(-/, l) n . Hence Vt can be considered as an open set in (R n \ Z n )/2lZ n . 

Consider the natural covering map of degree (2l) n : (R n \ Z")/2/Z" (R n \ Z")/Z n . 
Then 

ca PiJ (fi) < cap R ((M n \ Z n )/2/Z") < cap fi ((M n \ Z")/Z n ). 

The first inequality follows from lemma |4"75T -(1). and the second inequality follows from 
proposition |MJ On the other hand, (W 1 \ Z n )/Z n is W n /Z n minus a point. Hence, by 
corollary EU cap fl ((M n \ Z")/Z n ) < oo. This completes the proof. □ 

Theorem 4.13. For each integer n, there exists Co(n),Ci(n) > such that for any non- 
empty open set Q inW 1 , 

, \ ^ cap fi (n,5( n ) 
co(n) < ^p— < Cl (n). 
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Proof. If r < r(p,), then there exists x G M n such that B(x,r) C Q. Hence, by lemma 
1451-m and (3), 

cap iJ (fi) > avp R (B(x,r)) = r ■ cap R (B(x, 1)). 

Hence cap»(£ n (l)) < Cap ^ for any ^ 0. 

r(s2) 

Next we bound — - from above. Take an arbitrary positive number r so that 
r(O) 

r > r(fi). Then, for any x G M n , B(x,r) \ £1 ^ 0. For any j = . . . , j n ) G Z n , take 
an arbitrary point pj on B^Arj, r) \ f2, where 4rj = (4rji, . . . ,4rj n ). Then, cap fl (f2) < 
cap K (M n \ {pjlyezn). 

Take sufficiently large a n > so that for any x G B n (l), there exists a diffeomorphism 
y> on B n {2) with compact support such that <f(x) = (0, ...,0), and g n < a n ■ <p*g n - 
Then, since B(4ri,2r) fl B(4rj,2r) = when i ^ j, there exists a diffeomorphism ip : 
M n \ {pjjjgz" -> K" \ 4rZ n such that g n < a n ■ ij*g n . Then, 

cap R (M" \ {Pj} je z^,9n) < oc n ■ cap fl (R n \ {Pj}je^,4>*9n) 
= a n ■ cap R {R n \ 4rZ n , g n ) = 4a n r ■ ca Pfl (M n \ Z n , 

To sum up, 

r>r{Q) cap R (fi) < 4a n r • cap R (M n \ Z n ). 

Hence < 4c , n . cap^M" \ Z n ) < oo. □ 



5. Short periodic billiard trajectory 



The goal of this section is to prove the following theorem. 

Theorem 5.1. Let Q be a bounded domain in ¥L n with smooth boundary. Then, there 
exists a periodic billiard trajectory on Q with at most n + 1 bounce times and length equal 
to ca.p R (Q). 

Theorem 15.11 is exactly the same as property (B) of cap^ which we have introduced in 
the introduction. Hence, as we have explained in the introduction, it completes the proof 
of our main theorem 11.11 

We start to prove theorem 15. II The proof heavily relies on the arguments in pp. First we 
recall the settings in [TJ. Fix d G (0, 1/2) so small that distg^ : q i— > min{ \q— q'\ | q' G <9f2} 
is smooth on {distao < 2do}- Let k : [0, oo) — > [0, 2<i ] be a smooth function such that 
< k' < 1, k(x) = x if x < do and k is constant on [2do, oo). Then, we define a function 
h G C°°(tt) by %) := fc(distan(g)), and define U G C°°(fi) by U(q) := h~ 2 {q). Then, 
U is a positive function on f2 which grows like (distgn) -2 near dfl and is constant on the 
region {dist 9 Q > 2d }. 

For each e > 0, consider the modified Lagrangian 

L £ : TQ — »■ R; (g, u) ^ |v| 2 /2 - el/(g). 
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For each energy value Eel the free-time action functional Jzf £ : L ' (R/Z, fi) x R>o — > 
is given by 



Jo 



L £ (r(t),r- 1 ^r(t))+E 



For (r,r) e L 1,2 (R/Z, x R>o, let 7 be the corresponding r-periodic curve, i.e. 7 : 
R/rZ — 7- f2; t 1— > T(t/r). Then, straightforward calculations show that (r, r) is a critical 
point of ££f if and only if 7 satisfies 

^7 + V(ef/)( 7 ) = 

with energy 

E e (r/) :=\d a \ 2 /2 + eU( 1 ) = E. 

When (r, r) is a critical point of Jz? £ E , /-tMorse (r : =^ E |L 1 . 2 (iR/z)x{r}) denotes the number of 
negative eigenvalues of the Hessian of Jz? £ e \li> 2 (m./z)x{t} at (F, r). 

For £ > 0, define # e : T*tt — > R by if £ (g,p) := e£/(g) + |p| 2 /2, and L> £ := {H £ < 
1/2} C T*Q. 

Lemma 5.2. For any e > 0, there exists (T e , t £ ), a critical point of J£^ 2 , which satisfies 
the following properties: 

(1) / \da £ \ 2 dt = cap s (D £ ,u n )- 

JR/T e Z 

(2) ^Morsc (r e ; =5f e 1 ^ 2 |L 1 > 2 (IR/Z)x{r e }) <7l + l. 

Proof. Take arbitrary A G D}(T*Cl) such that dA = loq and (D e , A) is a Liouville domain. 
By corollary 13.121 there exists x £ : R/r £ Z -> ^ 1 (l/2), which is a periodic orbit of X# £ 
and satisfies 

/ x*A = cap s (D £ , uj n ), fi C z{x £ ) < n + 1. 

V]R/-r e Z 

Define 7 £ : R/r £ Z — >■ and T e : R/Z — >■ Q by 7 £ := 7Tq o x £ , T e (t) := 7 e (r e t). Then, it is 
obvious that (T £ ,t £ ) is a critical point of Jz^ 2 . Moreover, 

/ |^7 e | 2 rft= / x* £ X n = / x*A = cap s (D £ ,u n ). 

JR/t £ % JR/t £ Z J1/t e Z 

In the second equality, we use that x £ is contractible in T*Q and dX = dX^. 
Finally, 

/^Morse (r £ ; =S? £ 1 ^ 2 |li.2(K/Z)x{t £ }) = A i Cz(^ £ )- 

This identity follows from theorem 7.3.1 in |5J. (2) follows immdiately from this identity 
and ncz(%e) <n + l. □ 

Lemma 5.3. For each e > 0, take (T £ ,t £ ), a critical point of S£^ 2 which satisfies 



prop- 



erties in lemma \57B . Then, 



< liminf r £ < limsup r £ < 00. 

e^O 
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Proof. First we show that liminf r e > 0. Assume that liminf t £ = 0, i.e. there exists a 

e^O e^O 

sequence (£k)k such that e k , r £k — > as k — » oo. Then, there exists a sequence of integers 
(N k ) k such that 1 < r £k N k < 2. Set Q k e L 1,2 (M/Z,fi) by 6 fc (t) := T £k (N k t). Then, 
(Ojt, T £k N k ) is a critical point of ^ £ [ 2 ■ By proposition 2.1 in [TJ, a certain subsequence of 
(@fc)fc converges in L 1,2 (IR/Z, fl). On the other hand, by lemma l572l -(l). 

\dtOk\ 2 L 2 (m) = N 2 k I \d t T £k (t)\ 2 dt = N 2 k r £kCaPs (D £k ,u n ). 

JR/Z 



Since ca.p s (D £k , ljq) — > cap R (Q) as k — > oo and iV" fc T e; , > 1, the last term goes to oo as 
k — > oo, contradicting that a certain subsequence of (Q k ) k converges in L 1,2 (IR/Z, 0,). 

Next we show that limsupr £ < oo. For each e > 0, define x £ : M/r £ Z — > T*Q by 

x e — (leydtj;;). Then, x £ is an integral curve of Xh e on H~ 1 (l/2). On the other hand, 
by proposition 3.2 in [lj, when e > is sufficiently small, there exists A e G fi 1 (T*f2) such 
that d\ £ = cjq and the following inequality holds on if" 1 (1/2): 



2 [(1/2 -0) 2 + 48(l/2-0) 2 ] 196' 



Notice that (D £ ,X £ ) is a Liouville domain, since setting Z £ 6 i?T(T*f2) by z^,^ = A e 
then dH £ {Z £ ) = u n (Z £ ,X H J = \ £ (X H J > on H;\l/2). 



Since 



/ X £ (X He (x £ (t)))dt = x*X £ = cap s (D £} uJn) 

JR/t e Z JR/t e Z 



r £ < 196 • ca.p s (D £ ,un) < 196 • cap R (fi) for sufficiently small e > 0. This completes the 
proof. □ 



Finally, we prove theorem 15.11 

Proof. For each e > 0, take (r e ,r e ), a critical point of J2? e 1//2 which satisfies properties 
in lemma I5~2"l Then by lemma I5T3"| we can apply proposition 2.1 in pQ to the sequence 
(r e ,T £ ) e>0 . i.e. a certain subsequence of (r e ,r e ) e>0 converges to (r,r) in L 1,2 (IR/Z, O) x 
]R>o, and 7 : M/rZ — > Cl; t h-» T(t/r) is a periodic billiard trajectory on Q, such that 
£(7) = limE e ( 7e ) = l/2. 

£->0 

Since /iMorsc (T e ; =^' e 1 ^ 2 |L 1 . 2 (R/z)x{r e }) < ra + 1 for each e > 0, proposition 2.2 in [1] implies 
that T has at most n + 1 bounce times. 

Finally we prove that r = cap i? (fi). For each e > 0, by lemma 15721 - ( 1 ) . 

cap 5 p e ,w n )= / |% e | 2 rft = r- 1 / |^r e | 2 dt. 

Jr/t e z Jr/z 

Since limTv = r and limT^ — )■ T in L 1,2 (IR/Z, 0), by taking limit of the above identity we 

£->0 £->0 

get 

cap R (f2) = lim cap s (D £ , ujq) = r _1 / \d t T\ 2 dt. 

Jr/z 
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On the other hand, since E{^y) = 1/2, |cVy| = 1 for almost every t G R/rZ. Hence 
|(9 t r| = r for almost every t G R/Z. Therefore cap^fi) = r _1 ■ r 2 = r. □ 
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Appendix: proof of theorem 12.121 



Assume that (X, A), (X, A') are Liouville domains such that dX = dX'. 

Take arbitrary smooth function p: R — > [0, 1] such that for sufficiently large So > 

p(s) = \ Q ; S ~ S ° . Let X s := (l - p(s))X + p(s)X'. Then, (X,X s ) sm is a smooth 
[1 (s>s ) 

family of Liouville domains. Denote the completion of (X, X s ) by (X s , X s ). 

Our aim is to define a morphism from the Floer chain complex on (X, A) to the Floer 
chain complex on (X, A'). To define a morphism, we study the Floer equation on a fiber 
bundle over R, which is constructed as follows. First, consider trivial bundles 

E x : X x R R, E dx : (dX x (0, oo)) xl^l 

Define an embedding 

I : (dX X (0, 1]) x R -> X x R; ((*, r), s) \-> (l s (z, r), s) 

by {Z s denotes the vector field on X characterized by iz s dX s = X s ): 

i.(z,i) = z (zedX), 

d r I s (z,r) = r- l Z s (l s (z,r)) (z G dX, r G (0,1]). 

Let E := Ex U/ Eg X - E is a fiber bundle over R, and each fiber E s is identified with 
X s . Note that there exist natural bundle maps over R: 

ji :E X ^E, 

j 2 : (9X x [l,oo)) xK->£. 

To study the Floer equation on we equip E with a connection V, and denote the 
horizontal lift of d s to E by W. We take V so that W satisfies 

. j* l (W) = (0,d s ), 

• &{W) = (OA) outside (ax x [1,2]) x [s ,s ]. 

Let G ^T a r d est (X,A), ff+ G ^ r d est (X,A') and (H s ) sm be a family of Hamiltonians 
with the following properties: 

• H s G ^T rcst (X, A s ) for any s G R. 

• d s H s , t (x) > for any (s, t) G R x R/Z and ar G X. 

#- (a < -si) 



There exists s\ > Sq such that if s 
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• d s a Hs > 0. 

Let (J 8 ) a be a family of (time- dependent) almost complex structures on E s = X s , such 
that J s G ^(X, X s : 1) for any s, and 



We denote J± so by J±. 

Then, for X- G x + G £P(H + ), we study the following Floer equation for 

u : R x R/Z -»■ 22: 

• u(s,t) G £ s , 

• V s m - J s ,t(d t u - X Hs t ou) = 0, 

• w(s) — >• x± as s — > ±oo. 

We denote the moduli space of solutions of the above Floer equation by ^(x, y : (H s , J s ) s ). 

In the following, we abbreviate a# s by a(s). The key step in the proof of theorem 12.121 
is to prove the following lemma: 

Lemma 5.4. There exist cq, c\ > 0, which depend only on (J s ) s and p, such that: if 
a satisfies d s a > cqo + c\ on [— s ,s ], then for any x_ G ^ (£/_), x + G £P(H + ) and 
u G ^d(x-,x + : (H S ,J S ) S ), u(R x R/Z) Cj'i(I x R). 

Proof. Step 1. First note that for any x G &>{HJ) U &(H+), x(M/Z) C X. This is 
because if± G J^ est (X, A). Our aim is to show that u(R x R/Z) is contained in j 1 (XxR). 
If this is not true, for some ro > 1 



is a non-empty surface with boundary. Note that D ro must be compact, since both 
x_(R/Z) and rr + (R/Z) are contained in X. Define v : D ro — > dX x [1, oo) by 

u(s,t) = j 2 (y(s,t),s), 



We will prove that there exist Cq,Ci > 0, which depend only on (J s ) s and p, such that 
if a satisfies d s a > c a + c\ on [— s , s ], then Ar > 0. Since r = r on (9Z? ro , this implies 
r < r on D ro . On the other hand, by definition r > r on mtD ro , hence we get a 
contradiction. 

Step 2. We calculate Ar(s, t) for (s, t) G -D ro . Recall that u satisfies the Floer equation 





and define z : D TQ — > dX and r : _D ro — >■ [1, oo) by v(s, t) = [z(s, t), r(s, t)j . 



V s m - J S)t (d t u - X Hs t (u)) = 0. 
Since H s>t (z, r) = a(s)r + b(s) on dX x [1, oo), 

J s ,tX Hst = -V s , t H S! t = -ard r . 
VsjHgj denotes the gradient of H s t with respect to ( , ) j s t . 
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Moreover, by definition of W, 

d s u = V s u + W(u). 
Hence, the Floer equation can be written as: 
(6) d s u — W(u) — J s ,tdtu — ard r = 0. 

It is convinient to define A G Q}(E) by 

• Me 3 — for any s G R. 

• X(W) = 0. 

Then, by applying dr and A to ([6]) respectively, we get 

d s r + X(d t u) - ar - dr{W(u)) = 0, 
X(d s u) — d t r = 0. 

Then, 

Ar = d t (X(d s u)) - d s (X(d t u)) + d s (ar) + d s (dr(W(u))) 
= dX(d t u,d s u) + d s {ar) + d s (dr(W(u))) 

= \V s u\ 2 Jst + dX(d t u, W{u)) + d s a-r + a- dr(W(u)) + d s (dr(W(u))). 
In the following, we abbreviate | • \j st by | ■ | S)t . 

Step 3. We prove that Ar(s,t) > when s ^ [— s ,s ]. Assume that s [— so,sq\. 
Then, since j* 2 W = (0, d s ) on (dX x [1, oo)) x (R \ [s , s }) , 

dr(W(u(s,t))) = 0. 

Moreover, since d s X s = for s [— Sq> so]> 

iw(u(s,t))dX = 0. 

Hence 

Ar(s,t) = \V s u(s,t)\ 2 st + d s a(s) -r(s,t) > 0. 

Step 4. Next we prove the following: there exist C2, C3 > which depend only on 
(J s ) s and p, such that if a satisfies d s a > c^a + C3 on [— s ,So], then r(s,t) < 2 for any 
(j,t)eKxK/Z, 

Assume that r(s,t) > 2 for some {s,t) G R x R/Z. Then, since j^W 7 = (0,d s ) on 
(dX x [2,oo)) x R, 

dr(W(«(s,t))) = 0. 

Hence 

Ar(s,t) = \V s u\ 2 st + dX(d t u,W(u)) + d s a ■ r. 

Since j% X = rX s , 

ids (j^A) = {dr AA S + r(dX s + ds A d s X s )) = rd s X s . 

Hence 

-dX(d t u,W(u)) = i as {jldX)(d t v) = rd s X s (d t v) = rd s X s (d t z). 
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Therefore, there exists c 4 > which depends only on (J s ) s and p such that 

\d\(d t u,W(u)) \ = r ■ \d s \ s (d t z)\ < c 4 r^ 2 \d t u\ s , t . 
Moreover, since u satisfies the Floer equation V s u — J Stt d t u — ard r = 0, 

\dtu\ a>t < \V 8 u\ 8 ,t + \ard r \ 8>t = \V s u\ s>t + ar 1/2 . 

Therefore 

Ar > \V s u\ 2 Stt + d s a-r - c 4 • r 1/2 (|V s w| s ,i + ar 1/2 ) 

> \V s u\ 2 Stt + d s a-r - (|V s w| 2 t + c 2 r)/2 - c A ar 

> (d s a — c 4 a — c 2 /2)r. 

Hence setting c 2 := c 4 , c 3 := c\/2, the following holds: 

Assume d s a > c 2 a + c 3 on [— s , s ]. Then, Ar(s, t) > if s G [— s , s ] and 
r(s,t) > 2. 

On the other hand, by Step 3, Ar(s,t) > if s ^ [— So, So]- Hence if <9 s a > c^a + C3 on 
[-s , so], Ar(s,t) > on {r > 2} C R x R/Z. This implies that {r > 2} = 0, by same 
arguments as step I. 

Step 5. Finally we prove that there exist c , Ci > 0, which depend only on ( J s ) s and 
p, such that if a satisfies d s a > c a + c\ on [—s , s ], then Ar > 0. 

It is convinient to equip E with a Riemannian metric (,) t such that 

• ( , ) t \ Es is equal to ( , ) Sjt . 

• For any q G E s , T q E s and W q is orthogonal with respect to ( , ) t . 

• For any q e E, \W q \ t = 1. 

By step 4, r(s, t) < 2 for any (s, £) G R x R/Z. Therefore there exist c 5 , c 6 , c 7 > such 
that 

\d\(d t u,W(u))\<c 5 \d t u\ t , 

\dr(W(u))\<c 6 , 
\d s (dr(W(u)))\ <c 7 \d s u\ t 
on [—so, so] x R/Z. On the other hand, 

\d t u\ t < \V s u\ t + \ard r \t = \V s u\ t + ar 1/2 < \V s u\ t + aV2, 
\d s u\ t < \W(u)\ t + \V s u\ t = 1 + |V fl u| t . 

Hence, 

Ar > |V s m| 2 + d s a ■ r — c 5 (\V s u\ t + ay/2) — c & a — c 7 (l + |V s u|) 
= |V s m| 2 + d s a ■ r - (V2c 5 + c 6 )a - (c 5 + c 7 )|V s ti| t - c 7 . 

Therefore, setting c := V2c 5 + c 6 , C\ := c 7 + (c 5 + c 7 ) 2 /2, Ar > (9 s a — c a — c x (we use 
d s a > and r > 1). Hence setting c and c\ as above, the following holds: 

If d s a > c a + Ci on [— s , s ], then Ar > on [— s , s ] x R/Z. 
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On the other hand, Ar(s,£) > when s £ [—sq,sq], as we have proved in step 3. This 
completes the proof of step 5. □ 



Corollary 5.5. Let Cq,ci > satisfy the condition in lemma \F^\ and assume that d s a > 
c a + C\ on [—s , So]- Then, for any x_ G &{H_), x + G £P(H + ) and u G ^£{x^,x + : 

[H S1 J s) s) ; 

d t sf H , {u{s) : X, A.) < 0. 
In particular, if £$h + {x+) > £^h_{x-), then : (H s , ,I S ) S ) = 0. 

Proof. By lemma El w(M x R/Z) C ji(X x E). Since j{W = (0, 

d B J* H ,(u(s):X,\ a )= f u(s)*d s \s- [ {\V s u(s,t)\ 2 + d s H Sit (u(s,t))}dt. 

Jr/z Jr/z 



Since u(s) : R/Z — >■ X is contractible, one can extend u(s) to w(s) : D 2 — y X so that 
^7)( e 2 ^) = u(s)(0). Then, 



ii(s)*<9 s A s 



R/Z 



[ u(s)*d s (d\ s ) = 0. 
Jd 2 



Hence 



d 8 ^H B (u(s) : X, X s ) = - [ {\V s u{s,t)\ 2 + d s H s>t (u{s,t))}dt<0, 

Jr/z 

where the last inequality follows from d s H s t > on X. 



□ 



Finally we prove theorem [2J2J Define a morphism ip : C*(H-,dH_,j_) —> C*(H + , 8h + ,j + ) 

by 

Then, by lemma EH ^ is a chain map. Moreover, by corllarv [5.51 ^ defines a chain map 
^ <a : Cf a [H_,d H _,j_) -> C< a (H + ,d H+tJ+ ) for any a G (0, oo]. This defines a morphism 
HF^ a (if_) — y HFf a (H + ), and we denote this morphism also by ip <a . It is clear from the 
construction that 

HF< a (#- : X, A) — HF< a (tf + : X, A') 



HFf : X, A) HFf : X, A') 

commutes for any a < b. 

By taking a limit, we get a morphism SH< a (X, A) ->■ SH< a (X, A') (still denoted by 
ip <a ), and the following diagram commutes: 

SHf^XA) — SH< a (X,A') . 



SHf(X,A) — SHf(X,A') 
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It is easy to check that ip <a does not depend on choices of p and ( J s ) s , ip <a : SH <a (X, A) — > 
SH <a (X, A) is the identity, and the following diagram commutes: 

SH< a (X, A) ^— - SH< a (X, A') 

SH< a (X,A") 

Then, it follows that ip <a is isomorphic. Hence this completes the proof of theorem 12.121 

References 

[1] Albers, P., Mazzucchelli, M.: Periodic bounce orbits of prescribed energy, Int. Math. Res. Notices, 
doi:10.1093/imrn/rnql93 (2010) 

[2] Benci, V., Giannoni, F.: Periodic bounce trajectories with a low number of bounce points, Ann. Inst. 
Henri Poincare, Anal. Non Lineaire, 6, No.l, 73-93 (1989) 

[3] Cieliebak, K.: Handle attaching in symplectic homology and the Chord Conjecture, J. Eur. Math. 
Soc, 4, 115-142 (2002) 

[4] Cieliebak, K., Floer, A., Hofer, H., Wysocki, K.: Applications of symplectic homology II: Stability of 
the action spectrum, Math. Z, 223, 27-45 (1996) 

[5] Long, Y.: Index theory for symplectic paths with applications, Progr. Math, vol.207, Birkhauser, 
Basel (2002) 

[6] Oancea, A.: A survery of Floer homology for manifolds with contact type boundary or symplectic 
homology, Ensaios Math, 7, 51-91 (2004) 

[7] Viterbo, C: Functors and computations in Floer homology I, Geom. Funct. Anal, 9, 985-1033 (1999) 
[8] Viterbo, C: Metric and isoperimetic problems in symplectic geomtery, J. Amer. Math. Soc, 13, No. 2, 
411-431 (2000) 

[9] Weinstein, A.: Contact surgery and symplectic handlebodies, Hokk. Math. J, 20, 241-251 (1991) 

Department of Mathematics, Faculty of Science, Kyoto University, Kyoto 606-8502, 
Japan 

E-mail address: iriek@math.kyoto-u.ac.jp 




32 



